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Two-phase theory is applied to solid] liquid fluidization in the Stokes flow regime.
Because inertial terms can be neglected in the Stokes flow regime, the momentum bal-
ances are simplified to an algebraic relation between drag, buoyant, and diffusi®e forces.
The resulting con®ection-dispersion model is then applied to an experimental expanded-
bed adsorption system. Two flows are in®estigated, namely, step changes in the fluidiza-
tion ®elocity and step changes in the fluid properties. Experimental data and model
simulations are in excellent agreement for both flow configurations. Furthermore, the
two-phase model pro®ides an accurate prediction of the obser®ed time delay in bed
expansion for step changes in fluid properties, as well as a mechanistic explanation for
its obser®ation.

Introduction

Solid]liquid flows are a common occurrence in the chemi-
cal process industries, including such general applications as
sedimentation, dispersions, and fluidization, with specific ap-
plications in mineral classification, paint technology, ex-
panded-bed adsorption, and fluidized-bed bioreactors, to
name a few. Many approaches have been investigated to de-

Žscribe solid]liquid mechanics, including mixture theory van
Deemter and van der Laan, 1961; Hinze, 1962; Zuber, 1964;
Muller, 1968; Soo, 1969; Green and Naghdi, 1969; Peddieson,¨

.1974; Kenyon, 1976; Bedford and Drumheller, 1983 , flux-
Žbased models Kennedy and Bretton, 1966; Asif et al., 1994;

.Thelen and Ramirez, 1997 , and lumped-parameter models
ŽSlis et al., 1959; Fan et al., 1963; Gibilaro et al., 1984; Pon-

.celet et al., 1990 . Of the three approaches, the mixture the-
ory models are the most general and are based on a rigorous
fluid-mechanic framework.

Ž .In recent years, expanded-bed adsorption EBA has re-
ceived considerable attention for applications in biotechnol-

Žogy e.g., Batt et al., 1995; Hansson et al., 1994; Dasari et al.,
1993; Chase and Draeger, 1992a,b; Draeger and Chase, 1991;
Draeger, 1991; Gailliot et al., 1990; Somers et al., 1989;

.Barthels et al., 1958 . Early studies, though, have invariably
focused on the adsorption properties of these systems, with
little attempt to gain an understanding of their fundamental
hydrodynamic properties. An understanding of the hydrody-
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namic properties of these systems is important in order to
provide effective design, scale-up, operation, and control of
this purification technique.

Ž .Chang and Chase 1996 have recently addressed some of
the issues concerning the interactions between important ad-
sorption properties and hydrodynamic properties in EBA. In
particular, they have investigated the relative adsorption effi-
ciencies for two modes of operation, namely operation at a
fixed-bed height and operation at a fixed flow rate. Chang

Ž .and Chase 1996 contend that operation at a fixed bed height
is most efficient. The latter mode of operation requires a
method of control, likely model-based due to the complexity
of the system.

A number of articles have been presented on the modeling
Žof bed-height dynamics of solid]liquid fluidized beds Slis et

al., 1959; Fan et al., 1963; Gibilaro et al., 1984; Poncelet et
.al., 1990; Asif et al., 1994; Thelen and Ramirez, 1997 ; how-

ever, these articles have only addressed the bed-height dy-
namics for changes in the fluidization velocity. As discussed

Ž .by DeLuca et al. 1994 , the characteristics of the bed-height
response due to changes in the fluidization velocity and that
due to changes in the fluid properties differ markedly. In the
case of the latter, there is a significant time delay before the
bed responds to changes in the fluid properties. Currently,
there are no suitable models for prediction of bed-height
transients due to changes in the physical properties of the
fluidizing liquid.
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In this article, the application of the two-phase flow equa-
tions for solid]liquid fluidization is presented in two parts.
The first part discusses the theoretical framework of two-
phase flow theory and presents the derivation of governing
equations for solid]liquid fluidization in the Stokes regime.
The derivation of the governing equations proceeds from a
specific rather than general viewpoint by taking advantage of
limiting assumptions consistent with the Stokes flow condi-
tions in order to simplify the two-phase flow equations. Sim-
plified models based upon the infinite- and zero-dispersion
limits are also derived. The second part of the article pre-
sents a detailed experimental investigation of solid]liquid
fluidization, as applied to the bed-expansionrcontraction
characteristics of an EBA process. A comparison between ex-
perimental and simulation results is presented for two flow
configurations. The first considers changes in the fluidization
velocity; the second looks at changes in the fluid properties.

Theory
This section develops the governing equations for solid]

liquid fluidization, where the inertial effects can be ne-
glected. That is, the analysis is restricted to the Stokes regime,
as defined by a particle Reynolds number less than unity

® d rU
t p f

Re s -1, 1Ž .p m

where ® is the Stokes settling velocity; d is the particle di-t p
ameter; rU is the fluid density; and m is the fluid viscosity.f
The Stokes settling velocity at infinite dilution ® is written ast

2 r 2 rU y rU gŽ .p p f
® s , 2Ž .t 9m

where rU is the particle density. However, Coulson et al.p
Ž .1991 have shown that the modified particle Reynolds num-
ber is more applicable for fluidized systems:

® d rU
o p f

Re s , 3Ž .pm m 1yfŽ .

where ® is the superficial fluidization velocity and f is theo
particle-phase fraction.

General two-phase model
We begin our analysis by writing the differential forms for

the continuity equations. The fluid-phase and solid-phase
continuity equations, respectively, are written as

­rf
q=? r © s0 4Ž . Ž .f f­ t

­rp
q=? r © s0, 5Ž . Ž .p p­ t

where r and r are the in-suspension densities, and © andf p f
© are the local fluid and particle velocities, respectively. Thep

in-suspension densities r and r are related to the intrinsicf p
densities of the fluid and solid as follows

r serU 6Ž .f f

r sfrU , 7Ž .p p

where e is the fluid-phase fraction and f is the solid-phase
fraction. At any point in the mixture, the phase fractions for
the liquid and solid sum to unity.

e qf s1. 8Ž .

The linear momentum equations for the fluid and solid
phases, respectively, are written as

­ ©f
r q© ?=© sÝF 9Ž .f f f fž /­ t

­ ©p
r q© ?=© sÝF 10Ž .p p p pž /­ t

where ÝF and ÝF are the forces acting on the fluid andf p
particle phases, respectively. These forces may include stress
forces, turbulent forces, gravitational forces, and electrostatic
forces, among others.

Ž .In order to solve the system Eqs. 4]10 , constitutive rela-
tionships must be developed for the fluid and solid forces.

ŽThe approach taken in the two-phase flow literature e.g.,
.Bedford and Drumheller, 1983 is to pose general forms for

the constitutive equations. Here, we take a different ap-
proach and postulate constitutive equations specific to the
problem of interest. That is, we take advantage of knowledge
about the problem in order to simplify the governing equa-
tions.

Stokesian two-phase model
Under the conditions of Stokes flow, the inertial or accel-

eration terms can be neglected in the linear momentum bal-
Ž .ances e.g., Gibilaro et al., 1984 , hence Eqs. 9 and 10 are

simplified as

ÝF s0 11Ž .f

ÝF s0. 12Ž .p

It is postulated that there are three important forces to con-
sider, namely the drag force, the gravitational force, and a
diffusive force.

For solid]liquid systems, there is general acceptance that
Žthe particles are individually supported by the fluid Richard-

.son and Zaki, 1954 . As such, under steady-state conditions,
the drag force on an individual particle is balanced by its
buoyant force. The steady-state drag force exerted on a parti-

Ž .cle by the fluid can be written as Lamb, 1932

6pmr ®p o
F s 13Ž .d f fŽ .1
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Ž .where r is the particle radius and f f is the hindered set-p 1
Ž .tling function Davis, 1995 . If Eq. 13 is written in terms of

Žthe velocity of the fluid relative to the sphere i.e., ® s ® yr f
. Ž .® , as it is in Stokes 1901 original work, the drag force isp

expressed as

6pmr ®p r
F s , 14Ž .d f fŽ .2

Ž .which, for steady-state conditions i.e., ® s0 , is equivalentp
to

6pmr ®p f
F s . 15Ž .d f fŽ .2

Ž . Ž .The hindered settling functions f f and f f are related1 2
as follows

f f f fŽ . Ž .1 1
f f s s . 16Ž . Ž .2 1yf e

Many forms have been proposed for the hindered settling
Ž . Žfunction f f e.g., Davis, 1995; Garside and Al-Dibouni,1

.1977; Barnea and Mizrahi, 1973 , but that proposed by
Ž .Richardson and Zaki 1954 seems to be favored in the litera-

Ž .ture Davis, 1995 . The Richardson]Zaki hindered settling
function is

n
f f s 1yf , 17Ž . Ž . Ž .1

where n is an empirical parameter.
The buoyant force on an individual particle is given by

Ž .Lamb, 1945

4p r 3 rU y rU gŽ .p p f
F s , 18Ž .b 3

where g is the gravitational constant. At steady state, the
Ž . Ž .drag Eq. 13 and buoyant Eq. 18 forces are balanced, thus

®o
s f f . 19Ž . Ž .1®t

Assuming the Richardson]Zaki correlation is applicable gives

®o n
s 1yf . 20Ž . Ž .

®t

Equation 20 is valid for steady-state conditions. For the case
where the solid velocity is not zero, the equivalent expression
is given by

®r ny1s 1yf , 21Ž . Ž .
®t

Ž .which is a balance of the dynamic drag force Eq. 14 and the
Ž .buoyant force Eq. 18 .

The parameters, ® and n, can be determined either exper-t
imentally or from theoretical considerations. From steady-
state expansion data, a log-log plot of fluidization velocity vs.
void fraction can be used to regress the parameters. Davis

Ž .and Birdsell 1988 have shown from experimental data and
theoretical arguments that a Richardson]Zaki exponent of
ns5.0"0.1 is typical for the Stokes regime. The Stokes ve-
locity can be determined by substitution of measured values
of the physical properties into Eq. 2. However, as noted by

Ž .Davis 1995 , it is difficult to measure the particle diameter
more accurately than within a few percent. As this quantity is
squared, the resulting error can be greater than 10%.

Ž .Dispersion is also an important factor. Truesdell 1962 has
Ž .argued that diffusion dispersion , being a change of motion,

arises from forces. The motions produced by dispersion forces
must conform to the principle of linear momentum. A disper-
sion velocity can be written as

y D =rp p
® s , 22Ž .d rp

Ž .which is a generalization of Fick’s law Truesdell, 1962 .
Now, the force balance on the particles is expressed as

F q F q F s0, 23Ž .d disp b

where the drag force is given by Eq. 14, the buoyant force by
Eq. 18, and the dispersion force by

6pmrp
F s ® . 24Ž .disp df fŽ .2

Ž .Since the momentum equations Eqs. 9]10 are expressed on
a per unit volume basis, we divide through by the buoyant
mass, m , and multiply through by the solid-phase density,b
r , in order to express Eq. 23 on a per unit volume basis:p

r 6pmrp pÝF s ® y ®Ž .p f pm f fŽ .b 2

D 6pmr ­rp p p
y y r g s0, 25Ž .pm f f ­ zŽ .b 2

where one-dimensional axial flow is assumed and the buoy-
ant mass is defined as

4p r 3 rU y rU gŽ .p p f
m s . 26Ž .b 3

Substitution of Eq. 7 into Eq. 25 and rearrangement gives

­f f f m gŽ .2 b
f ® y ® y D yf s0. 27Ž . Ž .f p p ­ z 6pmrp

Ž . Ž .Noting that m g r 6pmr s ® , and assuming that the hin-b p t
dered settling function is given by the Richardson]Zaki ex-
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pression, Eq. 27 is written as

­f ny1
f ® y ® y D yf ® 1yf s0. 28Ž . Ž . Ž .f p p t­ z

Now, the continuity equations are utilized to obtain a rela-
tionship between the fluid velocity, ® , and the particle veloc-f
ity, ® . It can be shown that the two velocities are related asp
Ž .see Appendix B, for derivation

® f ® fo o
® s y ® s y ® . 29Ž .f p pe e 1yf 1yf

Substitution of Eq. 85 into Eq. 28 yields, upon rearrange-
ment, the expression

­fn
f ® sf ® yf ® 1yf y 1yf D . 30Ž . Ž . Ž .p o t p ­ z

Ž .The relationship Eq. 30 is substituted into the solid-phase
Ž .continuity equation Eq. 5 , giving

­fn
­ f ® yf ® 1yf y 1yf DŽ . Ž .o t p­f ­ z

sy . 31Ž .
­ t ­ z

If ® is now defined ass

n
® ' ® y ® 1yf , 32Ž . Ž .s o t

then

­f
­ f ® y 1yf DŽ .s p­f ­ z

sy . 33Ž .
­ t ­ z

Equation 33 is the governing convection]dispersion model.
This analysis provides a link between two-phase modeling and
flux-based modeling.

Boundary conditions of the Dankwerts type are assumed,
namely

­f
f ® y 1yf D s0 @ zs0 34Ž . Ž .s p ­ z

­f dh
f ® y 1yf D sf @ zs h , 35Ž . Ž .s p ­ z dt

Žwhere dhrdt is the bed-height velocity. The system Eqs.
.33]35 is a nonlinear PDE, two-point boundary value prob-

lem with a nonstationary upper boundary.

Numerical solution
For a numerical solution of the moving boundary-value

Ž .problem, the front-fixing technique of Landau 1950 and
Ž .Crank 1984 is adopted. This technique is discussed briefly.

A spatial transformation of the form

z
z s 36Ž .

h tŽ .

is posed, where the temporal dependence of h is expressed
formally. With this transformation, the spatial partial deriva-
tives are written as

­f 1 ­f
s 37Ž .

­ z h t ­zŽ .

­ 2f 1 ­ 2f
s , 38Ž .2 2 2­ z h t ­zŽ .

and the temporal partial derivative is as follows

­f ­f ­z ­f ­f z dh ­f
s q s y . 39Ž .

­ t ­z ­ t ­ t ­ t h t dt ­zz z Ž .z

The transformed partial differential equation was solved by
the method of lines. Second-order correct and centered finite
difference approximations were used for the spatial deriva-
tives.

The second part of the article is now presented, where an
experimental investigation of solid]liquid fluidization, as ap-
plied to the bed-expansionrcontraction characteristics of an
EBA process, is discussed. A comparison between experi-
mental and simulation results is presented for two flow con-
figurations. The first considers changes in the fluidization ve-
locity; the second looks at changes in the fluid properties.
The simulation results are based upon solution of Eqs. 33]39
for the given flow configuration.

Fluid Flow-Rate Change
We consider the following problem. A bed of spherical

particles of radius r and density rU is initially fluidized by ap p
fluid of viscosity m and density rU at a superficial velocity ® .f 1
At steady state under these conditions, the solid fraction f1
is determined from

®1
s f f , 40Ž .Ž .1 1®t

where the terminal settling velocity of a single particle in the
Stokes flow regime is

2 r 2 rU y rU gŽ .p p f
® s , 41Ž .t 9m

and the hindered settling function is given by the Richard-
son]Zaki expression

n
f f s 1yf . 42Ž .Ž . Ž .1 1 1

The steady-state height of the bed under these conditions is
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Figure 1. Experimental system.

determined from a particle mass balance

f hs s
h s , 43Ž .1 f1

where f and h are the solid fraction and height of the set-s s
tled bed, respectively, before fluidization.

Now, suppose that the fluid entering the bottom of the bed
experiences a step change in the fluidization velocity at ts0,
so that the bed adjusts to a new steady state given by Eqs.

Ž .40]43, but with the subscript 2 for the new flow conditions
replacing 1. The question to be addressed is how the tran-
sient occurs as the bed moves to the new steady state. The

Ž .two-phase model Eqs. 33]39 is applied in order to address
this question. Additionally, simplified models derived from
zero-dispersion and infinite-dispersion limits are discussed.
These simplified models provide further insight into the me-
chanics of the problem.

Experimental system
Ž .A STREAMLINE 50 column 5 cm ID was used in the

fluidization studies with STREAMLINE DEAE absorbent
Ž .Pharmacia Biotech . The resin has a mean diameter of 200
mm and a mean density of 1.2 grcm3. The column and re-
quired ancillary equipment are shown in Figure 1. Feedstock
was delivered to the column by means of a computer-con-

Ž .trolled peristaltic pump Cole-Parmer . A 20% aqueous
ethanol solution with an approximate density of 0.98 grcm3

and a viscosity of 0.011 grcm ? s at 258C was used to fluidize
the resin.

The bed was considered to be in a stable state of fluidiza-
tion if channeling was observed to be minimal in the lower
region of the column. The steady-state bed height was
recorded for a range of flow rates. The Richardson]Zaki pa-
rameters, n and ® , were determined from linear regressiont

of log-log plots of ® vs. e . The Stokes settling velocity waso
also determined using Eq. 2 and measured properties. The
regressed and theoretical Stokes values differ considerably,
with values of 0.17"0.01 cmrs and 0.44"0.13 cmrs, respec-
tively. The regressed value for the Richardson]Zaki expo-
nent is 4.31.

Models for flow-rate change
In this subsection, three models are presented to address

the question of how the transient occurs as the bed moves to
a new steady state for a step change in fluidization velocity.
The first model is based upon the limiting condition of zero
dispersion; the second model is based upon the limiting con-
dition of infinite dispersion; the third model is the two-phase

Ž .model Eqs. 33]39 .
Zero-Dispersion Limits. Following a change in the flu-

idization velocity, the void fraction changes progressively from
the distributor upwards, until such time that the bed reaches
the new steady-state condition. This observation was first

Ž .made by Slis et al. 1959 . A simple mechanistic description
of how this transient occurs is presented. The explanation
assumes zero dispersion and parallels that presented by Gibi-

Ž .laro et al. 1984 ; however, the explanations differ in ap-
proach.

First, consider the case where the step change involves an
increase in the fluidization velocity and the result is an ex-
pansion of the bed. Figure 2 shows the steady-state condi-

( ) ( )Figure 2. Fluidized bed both before a and after b a
( )step increase in flow rate e -e ; for the1 2

case of a step decrease in flow rate h ) h1 2
and e )e .1 2
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tions both before and after the step increase in fluidization
velocity.

After the increase in the fluidization velocity from ® to1
® , all of the particles are lifted upwards because the superfi-2
cial velocity now exceeds the settling velocity, that is

® ) ® s ® f f . 44Ž .Ž .2 1 t 1 1

If the bed were to simply rise as a plug, with the void fraction
remaining at e , this would create a growing layer of clear1
fluid beneath the rising plug. However, a concentrated region
of particles above clear fluid is unstable, and so we expect
that particles fall away from the bottom of the rising concen-

Žtrated region into the less concentrated region below unless
there are strong cohesive forces between the particles that

.hold the plug together . It is expected that the growing lower
region near the bottom of the bed is at a void fraction of e ,2
so that the particles on average are stationary in this region
due to a balance of buoyancy and drag forces. Thus the bed
expands such that there is an interface below which the parti-
cles are at a void fraction e and above which the particles2
are at a void fraction e . Figure 3 shows this process. In Fig-1

Ž . Ž .ure 3, h t is the bed height and h t is the height of theb i
idealized interface. The analogous arguments are valid for
the case where the fluidization velocity is reduced, though in
this case

® - ® s ® f f , 45Ž .Ž .2 1 t 1 1

and the bed is expected to decrease in height. Figure 4 shows
the void fraction discontinuity for a step decrease in the flu-
idization velocity.

Figure 3. Idealized bed expansion due to a step
increase in flow rate for the limit of zero dis-

( )persion e -e .1 2

Figure 4. Idealized bed contraction due to a step
decrease in flow rate for the limit of zero dis-

( )persion e )e .1 2

The velocities of the interfaces dh rdt and dh rdt can bei b
determined from mass balances on the solid phase. Across
the i interface, the mass flux of solid entering is equal to the
mass flux of solid leaving

dh dhi i
f y ® sf y ® , 46Ž .2 s ,2 1 s ,1ž / ž /dt dt

wwhere ® the subscripts on ® have the following meaning:s,2 s,b
s indicates the solid and is used to denote the particle veloc-
ity in the absence of dispersion forces, and b indicates the

Ž Ž .nxlocal void fraction ® s ® y ® 1yf is the velocity ofs,b 2 t b

the particles below the interface, ® is the velocity of thes,1
particles above the interface, and dh rdt is the velocity of thei

Ži interface. The particle velocities are defined as follows see
.Appendix A for a derivation of the particle velocity

n
® s ® y ® 1yf s ® y ® 47Ž .Ž .s,1 2 t 1 2 1

n
® s ® y ® 1yf s ® y ® s0. 48Ž .Ž .s,2 2 t 2 2 2

Equation 46 can be rearranged in terms of the interface ve-
locity

dh f fi 1 1
s ® y ® y ® . 49Ž . Ž .s,1 2 1dt f yf f yf1 2 1 2

Likewise, across the b interface, the mass flux of solid enter-
ing is equal to the mass flux of solid leaving

dhb
f y ® s0, 50Ž .1 s ,1ž /dt

April 1999 Vol. 45, No. 4AIChE Journal 713



Figure 5. Idealized bed subjected to a step change in
flow rate for the limit of infinite dispersion.

Ž . Ž .For a step increase in flow rate h - h t and e - e t ; for1 b 1 b
Ž . Ž .a step decrease in flow rate h ) h t and e ) e t .1 b 1 b

which upon simplification yields

dhb
s ® . 51Ž .s,1dt

Substituting the particle velocity expression gives

dhb n
s ® y ® 1yf s ® y ® . 52Ž .Ž .2 t 1 2 1dt

Ž .The results Eqs. 42 and 52 are exactly those obtained by
Ž .Gibilaro et al. 1984 . Equations 49 and 52 describe the tran-

sient state of the bed when subjected to a step change in the
fluidization velocity for the limit of zero dispersion.

Infinite-Dispersion Limit. For the case of infinite disper-
sion, the bed is well mixed and no gradients in the solid frac-
tion are assumed to exist. As such, the solid fraction is uni-
form throughout the bed and is proportional to the bed
height. For this reason, the solid fraction can be determined
from the particle-mass balance

f hs s
f t s . 53Ž . Ž .b h tŽ .b

Figure 5 shows the bed for the limit of infinite dispersion.
The mass flux across the b interface is zero

dhb
f y ® s0. 54Ž .b s,bž /dt

Rearrangement of Eq. 54 yields the bed expansion rate

dhb
s ® , 55Ž .s,bdt

where the particle velocity is

n
® s ® y ® 1yf . 56Ž .Ž .s,b 2 t b

Substitution of Eqs. 53 and 56 into Eq. 55 yields

n
dh f hb s s

s ® y ® 1y , 57Ž .2 t ž /dt hb

which is the governing equation for bed expansion due to a
step change in flow rate for the limit of infinite dispersion.

Two-Phase Model. In actuality, the bed expansion is de-
scribed by neither the zero-dispersion nor the finite-disper-
sion limits; however, these limits provide upper and lower
bounds on the actual bed expansion characteristics. Inspec-
tion of the boundary conditions, Eqs. 34]35, shows that a
change in the fluidization velocity affects the solid velocity,
® , and hence this boundary disturbance propagates throughs

Ž .the system, as governed by the model Eqs. 33]39 .

Discussion
A discussion of the model simulations and the experimen-

tal data for the expansion studies is now presented. Figures 6
and 7 show a comparison of simulations for all three models,
as well as the experimental data. Figure 6 shows the results
for five experimental runs where the volumetric flow rate was
increased from 15 to 20, 25, 35, 45 and 55 mLrmin. Figure 7
shows the results for four experimental runs where the volu-
metric flow rate was decreased from 45 to 15, 25, 35 and 40

Figure 6. Dynamic response of bed height to a series of
step increases in the fluidization velocity.
An initial fluidization velocity of 15 mLrmin was used. Key:
Ž . Ž .? ? ? ? Zero-dispersion limit; infinite-dispersion

Ž .limit; two-phase model; and symbols are the experi-
mental data with error bars of "3 mm.
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Figure 7. Dynamic response of bed height to a series of
step decreases in the fluidization velocity.
An initial fluidization velocity of 45 mLrmin was used. Key:
Ž . Ž .? ? ? zero-dispersion limit; infinite-dispersion limit;
Ž . two-phase model; and symbols are the experimental
data with error bars of "3 mm.

mLrmin. The experimental data with error bars of "3 mm
are also included in these plots. The zero-dispersion model
closely follows the experimental data during the initial expan-
sion period. However, after the bed has reached approxi-
mately 50% of its final height, the zero-dispersion model and
the experimental data start to diverge. The zero-dispersion
model shows a higher rate of change in the bed height than
the experimental data and hence reaches the steady-state op-
erating condition sooner. The infinite-dispersion model also
closely follows the experimental data in the initial period af-
ter the step change. However, after the bed has reached ap-
proximately 20% of its final height, the infinite-dispersion
model and the experimental data start to diverge. The infi-
nite-dispersion model shows a much lower rate of change in
the bed height than the experimental data, and hence reaches

Figure 8. Solid fraction vs. axial position for a step
change in the fluidization velocity from 15 to
55 mL/////min.

Table 1. Dispersion-Coefficient Data for Flow-Rate Change
Experiments

Fluidiz. Velocity Dispers. Coefficient
Initial Final Best Fit 10% Limits

2 2Ž . Ž . Ž . Ž .cmrs cmrs cm rs cm rs

0.0127 0.0170 0.08 0.06]0.12
0.0127 0.0212 0.10 0.07]0.16
0.0127 0.0297 0.18 0.13]0.23
0.0127 0.0382 0.20 0.16]0.24
0.0127 0.0467 0.37 0.34]0.40
0.0382 0.0127 0.05 0.02]0.08
0.0382 0.0212 0.07 0.04]0.16
0.0382 0.0297 0.08 0.04]0.16
0.0382 0.0339 0.14 0.05]0.26

the steady-state operating condition at considerable time later
than the experimental data. It is noted that the zero- and
infinite-dispersion models bound the experimental bed ex-

Žpansionrcontraction behavior, providing lower infinite-dis-
. Ž .persion model and upper zero-dispersion model bounds.

The two-phase model shows excellent agreement with the ex-
perimental data.

Figure 8 shows the axial profile of the solid fraction at vari-
ous times for a step increase in the fluidization velocity. The
results indicate a smooth transition between the initial and
final axial solid fraction profiles.

The solid-phase dispersion coefficient was treated as a free
parameter and fitted by least-squares regression. Table 1
shows a listing of the solid-phase dispersion coefficients as
obtained by least-squares fit along with bounds based upon
sensitivity limits.

The values obtained for the solid-phase dispersion coeffi-
cient do correlate with the fluidization velocity, ® . Figure 9f
shows a log-log plot of solid-phase dispersion coefficient vs.
the superficial velocity. The data fits a power law model

a
D s D ® , 58Ž . Ž .p f

Figure 9. Log-log plot of dispersion coefficient vs.
(fluidization velocity a =1.34"0.62, log D=

2 )1.20"1.0, and R =0.79 .
Key: I } step decrease in flow rate, and D } step increase
in flow rate. Error bars represent "10% sensitivity limits
on the sum-squared error index.
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with alpha equal to 1.34 and a correlation coefficient of 0.79.
It is noted that various forms of the power-law model have
been proposed for dispersion in porous media and

Žsolid]liquid flows Ramirez et al., 1980; Dorgelo et al., 1985;
.Kang et al., 1990 . An interesting observation is that the

solid-phase dispersion coefficient does not appear to be
strongly dependent upon whether a step increase or a step
decrease in the fluidization velocity was implemented. The
power-law model is a first attempt at correlating the solid-
phase dispersion coefficient.

Fluid Property Changes
In this section, the following situation is considered. A bed

of spherical particles of radius r and denity rU is initiallyp p
fluidized by a fluid of viscosity m and density rU at a super-1 1
ficial velocity ® . At steady state under these conditions, theo
solid fraction f is determined from1

®o
s f f , 59Ž .Ž .1 1®t ,1

where the terminal settling velocity of a single particle in the
Stokes flow regime is

2 r 2 rU y rU gŽ .p p 1
® s . 60Ž .t ,1 9m1

The hindered settling function is given by the Richardson]
Zaki expression

n
f f s 1yf . 61Ž .Ž . Ž .1 1 1

The steady-state height of the bed under these conditions is
determined from a particle-mass balance

f hs s
h s , 62Ž .1 f1

where f and h are the solid fraction and height of the set-s s
tled bed, respectively, before fluidization.

Now, suppose that the fluid entering the bottom of the bed
Žexperiences a step change in fluid properties viscosity andror

.density at ts0, so that the bed adjusts to a new steady state
Žgiven by Eqs. 59]62, but with the subscript 2 for the new

.fluid properties replacing 1. The question to be addressed is
how the transient occurs as the bed moves to the new steady

Ž .state. The simplified two-phase model Eqs. 33]39 is applied
in order to address this question. The simplified model based
upon the assumption of zero dispersion is also presented. A
model for the limit of infinite dispersion cannot be derived in
a simple form.

Experimental system
Ž .A STREAMLINE 50 column 5 cm ID was used in the

fluidization studies with STREAMLINE SP adsorbent. The
resin has a mean diameter of 186 mm and a mean density of

3 Ž .1.184 grcm Chang and Chase, 1996 . The column and re-

Table 2. Physical Property Data for Feed-Stock Solutions
Used in the Fluid-Property Experiments

Dens. 95% CI Vis. 95% CI Particle Modified
3 3Feedstock grcm grcm cp cp Re No. Re. No.

Water 0.9972 } 0.890 } 0.82 0.065]0.14
Glycerol 1 1.026 0.00017 1.129 0.0142 0.45 0.049]0.10
Glycerol 2 1.040 0.00013 1.337 0.0060 0.29 0.041]0.086
Glycerol 3 1.054 0.00017 1.572 0.0140 0.19 0.033]0.069

Dextran 1 1.004 0.00017 1.162 0.0075 0.47 0.049]0.10
Dextran 2 1.006 0.00007 1.347 0.0109 0.35 0.039]0.082
Dextran 3 1.007 0.00011 1.583 0.0112 0.25 0.032]0.066

quired ancillary equipment are shown in Figure 1. Feedstock
was delivered to the column by means of a computer-con-

Ž .trolled peristaltic pump Cole-Parmer . The system was con-
figured so as to allow on-line computer-controlled switching
of feed stock between two supply tanks.

Three feed stocks were utilized in the experiments in order
to determine the bed-expansion characteristics for step
changes in fluid properties. In all studies, the bed was ini-

Ž .tially fluidized with deionized DI water. Step changes were
then made to either aqueous glycerol solutions or aqueous
dextran solutions at varying concentrations. Aqueous dextran
Ž .Pharmacia Biotech solutions were made at three different
concentrations. As the solutions were rather dilute, viscosity
could be adjusted almost independent of density. Likewise,

Ž .three aqueous glycerol Fischer solutions were prepared at
the same viscosities as the dextran solutions. The density of
the glycerol solution varied significantly. Table 2 shows physi-
cal properties at 258C for the solutions along with confidence

Ž .intervals CI . The confidence intervals were evaluated from
triplicate experimental runs and root-mean square propaga-
tion of error analysis.

The bed was fluidized with each of the feed stocks listed in
Table 2. The bed was considered to be in a stable state of
fluidization if channeling was observed to be minimal in the
lower region of the column. A linear regression was per-
formed for log-log plots of the superficial fluidization velocity
versus the void fraction. Table 3 summarizes the experimen-
tally determined Richardson]Zaki parameters. The theoreti-
cally calculated Stokes velocities are also listed. The re-
gressed and theoretical Stokes values agree within experi-
mental uncertainty for all feed stocks. The error bounds for
the theoretical values are broad, due in large part to the in-
ability to accurately determine the mean particle diameter.

Table 3. Richardson–Zaki Parameters for Feed-Stock
Solutions Used in the Fluid-Property Experiments

V Vt t
n Regress. 95% CI Theor. 95% CI

Feedstock Regress. 95% CI cmrs cmrs cmrs cmrs

Water 5.19 5.01]5.37 0.374 0.342]0.408 0.395 "0.073
Glycerol 1 5.15 4.90]5.40 0.269 0.241]0.300 0.264 0.052
Glycerol 2 5.17 5.00]5.34 0.240 0.224]0.258 0.202 0.042
Glycerol 3 4.88 4.64]5.13 0.173 0.158]0.189 0.155 0.034

Dextran 1 5.52 5.16]5.88 0.353 0.299]0.417 0.292 0.055
Dextran 2 4.96 4.73]5.20 0.229 0.207]0.253 0.249 0.047
Dextran 3 4.55 4.29]4.80 0.169 0.153]0.188 0.211 0.040
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( ) ( )Figure 10. Fluidized bed before a and after b a fluid
( )property change e -e .1 2

The Richardson]Zaki exponent varied considerably, ranging
from 4.55 to 5.52. Both the Reynolds number and the modi-
fied Reynolds number for the feed stock solutions are well
within the Stokes flow regime. The two values listed in Table
2 for the modified Reynolds number are for fluidization rates
of 20 and 50 mLrmin.

Models for fluid property change
In this section, two models are presented to address the

question of how the transient occurs as the bed moves to a
new steady state for a step change in fluid properties. The
first model is based upon the limiting condition of zero dis-

Žpersion, and the second model is the two-phase model Eqs.
.33]39 .

Zero-Dispersion Limit. We consider the case where the
Ž .bed expands i.e., f -f or ® - ® . Figure 10 shows a2 1 t,1 t,2

schematic representation of the steady-state conditions both
before and after the step change in fluid properties. As the

Žfront separating the two fluids plug flow of the fluid is as-
.sumed first enters the bed, the particles near the bottom of

the bed will be lifted upwards because their lower settling
velocity in the new fluid no longer balances the upward su-
perficial velocity of fluidization, that is

® f f - ® s ® f f . 63Ž .Ž . Ž .t ,2 1 1 o t ,1 1 1

If the bed were to simply rise as a plug, with the void fraction
remaining at e , this would create a growing layer of clear1
fluid beneath the rising plug. However, a concentrated region
of particles above clear fluid is unstable, and so we expect

that particles fall away from the bottom of the rising concen-
Žtrated region into the less concentrated region below unless

there are strong cohesive forces between the particles which
.hold the plug together . It is expected that the growing lower

region near the bottom of the bed is at a void fraction of e ,2
so that the particles on average are stationary in this region
due to a balance of buoyancy and drag forces. Just above the
rising front of new fluid, the particles are not stationary but
rather move upwards because their hindered settling velocity
in fluid 1 is less than the superficial velocity. In an effect
similar to that experienced by snow in front of a plow, these
rising particles collide with the stationary particles above and
accumulate in a growing band of concentrated particles with
a void fraction e . Above the concentrated band, the parti-c
cles will be at the original void fraction e in the original1
fluid 1, and hence remain stationary until the top of the con-
centrated band reaches the height of the original bed h . Fig-1

Ž .ure 11 shows this process. In Figure 11, h t is the bed height,b
Ž .h t is the height of the interface between fluids 1 and 2, andi
Ž .h t is the height of the interface between the compactedc

zone and the undisturbed zone.
The velocities of the interfaces dh rdt, dh rdt, and dh rdti c b

can be determined from mass balances. The velocity of the i
interface is equal to the fluid velocity

dhi
s ® , 64Ž .fdt

which upon substitution of Eq. 85 yields

dh ® fi o 2
s y ® . 65Ž .s,2 ,2dt e e2 2

Figure 11. Fluidized bed subjected to a step change in
fluid properties for the limit of zero disper-

( )sion e -e -e .c 1 2
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�The solids velocity ® the subscripts on ® have thes,2,2 s,a ,b
following meaning: s indicates the solid; a indicates the fluid

wproperties; and b indicates the local void fraction ® ss,a ,b
Ž .nx4® y ® 1yf is zero, so thato t,a b

dh ®i o
s . 66Ž .

dt e2

Now, across the i interface, the mass flux of solid entering is
equal to the mass flux of solid leaving

dh dhi i
f y ® sf y ® . 67Ž .2 s ,2 ,2 c s ,1 ,cž / ž /dt dt

Equation 67 can be rearranged in terms of the particle veloc-
ity in the compacted zone

f yf dhc 2 i
® s . 68Ž .s,1 ,c f dtc

Substituting for the particles velocity ® yieldss,1,c

f yf dhc 2 in
® y ® 1yf s , 69Ž .Ž .o t ,1 c f dtc

which is further simplified by substitution of Eq. 66 for the i
interface velocity dh rdti

f yf ®c 2 on
® y ® 1yf s . 70Ž .Ž .o t ,1 c f ec 2

Equation 70 can be solved for f . Likewise, across the c in-c
terface, the mass flux of solid entering is equal to the mass
flux of solid leaving

dh dhc c
f y ® sf y ® . 71Ž .c s,1 ,c 1 s ,1 ,1ž / ž /dt dt

Noting that the particle velocity ® is equal to zero, thes,1,1
following expression for the c interface velocity is obtained

dh fc c
s ® . 72Ž .s,1 ,cdt f yfc 1

Also, across the b interface, the mass flux of solid entering is
equal to the mass flux of solid leaving

dhb
f y ® s0, 73Ž .1 s ,1 ,1ž /dt

which upon simplification yields

dhb
s0. 74Ž .

dt

Figure 12. Fluidized bed subjected to a step change
in fluid properties for the limit of zero
dispersion; compacted zone has just
reached the top of the bed.

The bed will remain stationary until the top of the concen-
trated band reaches the top of the bed. Figure 12 shows the
void fraction profile at the time when the bed just begins to
move. Now, the mass-balance condition across the b inter-
face is given by

dhb
f y ® s0, 75Ž .c s,1 ,cž /dt

which results in the following equation for the bed expansion
rate

dhb n
s ® s ® y ® 1yf . 76Ž .Ž .s,1 ,c o t ,1 cdt

Two-Phase Model. In actuality, the bed expansion is only
approximated by the zero-dispersion model. Inspection of the
boundary conditions, Eqs. 34]35, shows that a change in the
fluidization properties affects the solid velocity, ® , and hences
this boundary disturbance propagates through the system, as

Ž .governed by the model Eqs. 33]39 .

Discussion
A series of experiments were performed in order to deter-

mine the bed expansion properties for a step change in the
fluid properties. In these experiments, the bed was initially
fluidized with DI water at a given flow rate. Upon reaching a
state of uniform fluidization, as indicated by a constant de-
gree of expansion, a step change was made to a fluid with
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Figure 13. Transient bed-height expansion experiment
for a step change in fluid properties.
Step change from DI water to glycerol 1 solution. Key:
Ž . Ž .two-phase model; ? ? ? zero-dispersion model;
symbols are experimental data with error bars of "3 mm.

different physical properties. Two fluids were investigated in
this study. Aqueous glycerol solutions were prepared that al-
lowed the density and viscosity of the solution to be varied.
Aqueous dextran solutions were also prepared that allowed
the independent manipulation of the viscosity.

After the introduction of the step change, the bed height
was recorded as a function of time. Figures 13]18 show plots
of the bed height vs. time for the experimental runs. The
solid lines are the two-phase model, the dashed lines are the
zero-dispersion model, and the symbols are the experimental
values, including error bounds of "3 mm. A comparison of
Figures 13]18 shows that the zero-dispersion model predicts
a much higher bed expansion rate than observed experimen-
tally, while the two-phase model shows excellent agreement

Figure 14. Transient bed-height expansion experiment
for a step change in fluid properties.
Step change from DI water to glycerol 2 solution. Key:
Ž . Ž .two-phase model; ? ? ? zero-dispersion model;
symbols are experimental data with error bars of "3 mm.

Figure 15. Transient bed-height expansion experiment
for a step change in fluid properties.
Step change from DI water to glycerol 3 solution. Key:
Ž . Ž .two-phase model; ? ? ? zero-dispersion model;
symbols are experimental data with error bars of "3 mm.

with the experimental data. In Figures 13]18, the time delay
in bed expansion for both the models agree well with the
experimental data. The time delay is a result of the compact-
ing zone, as depicted in Figures 11 and 12. The compacted
zone takes a finite amount of time to reach the top of the
bed, at which point the bed begins to expand. Figure 19 shows
a plot of the solid fraction vs. the axial position for a number
of time slices. The simulation results depict how the com-
pacted zone looks when the dispersion effects are consid-
ered. In comparing Figures 8 and 19, it is clearly evident that
changes in fluidization velocity do not create a compacted
zone within the bed, as was observed for the fluid property
changes. The compacted zone is the reason for the observed
time delay associated with step changes in fluid properties.

Figure 16. Transient bed-height expansion experiment
for a step change in fluid properties.
Step change from DI water to dextran 1 solution. Key:
Ž . Ž .two-phase model; ? ? ? zero-dispersion model;
symbols are experimental data with error bars of "3 mm.
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Figure 17. Transient bed-height expansion experiment
for a step change in fluid properties.
Step change from DI water to dextran 2 solution. Key:
Ž . Ž .two-phase model; ? ? ? zero-dispersion model;
symbols are experimental data with error bars of "3 mm.

The solid-phase dispersion coefficient was treated as a free
parameter and fitted by least-squares regression. Table 4
shows a listing of the solid-phase dispersion coefficients as
obtained by least-squares fit, while Figure 20 shows a log-log
plot of the solid-phase dispersion coefficient vs. the fluidiza-
tion velocity. The solid-phase dispersion coefficient is statisti-
cally independent of the fluidization velocity for the glycerol

Ždata with F-values well above the testing level of 0.05 Table
.5 . The solid-phase dispersion coefficient shows a definite de-

crease from the glycerol-1 to the glycerol-3 solutions. For the
dextran-1 data, the solid-phase dispersion coefficient shows
no velocity dependence, while the dextran-2 data show a de-
pendence on velocity. The dextran-3 data have an F-value of
0.06, which is in the interval of usual testing levels of 0.05 to

Figure 18. Transient bed-height expansion experiment
for a step change in fluid properties.
Step change from DI water to dextran 3 solution. Key:
Ž . Ž .two-phase model; ? ? ? zero-dispersion model;
symbols are experimental data with error bars of "3 mm.

Figure 19. Solid fraction vs. axial position for a step
change from water to the dextran 2 solution
at 40 mL/////min.

0.1; therefore, the solid-phase dispersion coefficient corre-
lates with velocity with marginal certainty. Again, the dextran
data show a decrease in the solid-phase dispersion coefficient
with an increase in fluid viscosity and density, as do the glyc-
erol data. Table 5 summarizes the statistical properties of the
power-law model with alpha equal to zero and a regressed
alpha.

Table 4. Dispersion-Coefficient Data for Fluid-Property-
Change Experiments

Fluidiz. Dispers. Coeff.
Velocity Best fit 10% Limits

2 2Ž . Ž . Ž .Feedstock cmrs cm rs cm rs

Glycerol 1 0.0170 0.86 0.78]0.98
Glycerol 1 0.0255 0.55 0.52]0.58
Glycerol 1 0.0340 0.73 0.64]0.78
Glycerol 1 0.0425 0.82 0.70]0.90

Glycerol 2 0.0170 0.63 0.58]0.67
Glycerol 2 0.0255 0.55 0.48]0.63
Glycerol 2 0.0340 0.60 0.50]0.70
Glycerol 2 0.0425 0.68 0.54]0.76

Glycerol 3 0.0170 0.52 0.43]0.64
Glycerol 3 0.0255 0.50 0.44]0.57
Glycerol 3 0.0340 0.53 0.44]0.60
Glycerol 3 0.0425 0.51 0.45]0.56

Dextran 1 0.0170 0.36 0.28]0.45
Dextran 1 0.0255 0.36 0.30]0.46
Dextran 1 0.0340 0.66 0.50]0.80
Dextran 1 0.0425 0.41 0.38]0.47

Dextran 2 0.0170 0.19 0.15]0.25
Dextran 2 0.0255 0.27 0.22]0.36
Dextran 2 0.0340 0.36 0.30]0.44
Dextran 2 0.0425 0.45 0.41]0.47

Dextran 3 0.0170 0.22 0.18]0.28
Dextran 3 0.0255 0.24 0.18]0.35
Dextran 3 0.0340 0.31 0.26]0.40
Dextran 3 0.0425 0.42 0.35]0.46
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Figure 20. Log-log plot of the dispersion coefficient vs.
fluidization velocity.

Ž . Ž . Ž .Key: q, glycerol 1; ), ? ? ? glycerol 2; e,
Ž . Ž . Žglycerol 3; D , ] ? dextran 1; I, ] ? ? ? dextran 2; and X,

.} } dextran 3.

An interesting finding is that as the magnitude of the vis-
cosity andror density change increases, the dependence of
the solid-phase dispersion coefficient on the velocity is
weaker. However, more research needs to be performed in
order to determine a precise correlation of the solid-phase
dispersion coefficient with the fluid density, viscosity, and
fluid velocity.

Conclusions
In this article, two-phase theory has been applied to

solid]liquid fluidization in the Stokes flow regime. Since the
inertial terms can be neglected in the Stokes flow regime, the
linear momentum balances are simplified to algebraic con-
straints. The simplified linear momemtum balance consid-
ered three forces, namely, drag, buoyant, and diffusive.
The force-balance expression was then combined with the
continuity equations, to obtain a governing equation for

Table 5. Error Analysis of Dispersion-Coefficient Data for
Fluid-Property-Change Experiments

SE log D SE Statist. Signif.
2Ž .Feedstock a 95% cm rs 95% F-value

Glycerol 1 y0.01 "1.54 y0.15 "2.40 0.97
Glycerol 2 y0.08 "0.64 y0.09 "1.00 0.66
Glycerol 3 y0.001 "0.19 y0.29 "0.30 0.98
Dextran 1 0.36 "1.93 0.19 "3.00 0.51
Dextran 2 0.94 "0.11 0.94 "0.17 0.00073
Dextran 3 0.69 "0.78 0.53 "1.22 0.063

SE D SEp
2Ž .Feedstock a 95% cm rs 95%

Glycerol 1 0 } 0.74 "0.14 0.97
Glycerol 2 0 } 0.62 "0.05 0.66
Glycerol 3 0 } 0.52 "0.01 0.98
Dextran 1 0 } 0.45 "0.14 0.51
Dextran 2 0 } 0.32 "0.11 0.00073
Dextran 3 0 } 0.30 "0.09 0.063

solid]liquid fluidization in the Stokes regime. This simplified
two-phase equation was then applied to an experimental EBA
system. Two flows were investigated, namely, step changes in
the fluidization velocity and step changes in the fluid proper-
ties. Experimental data and model simulations were in excel-
lent agreement for both flow configurations. Furthermore, the
two-phase model provided an accurate prediction of the ob-
served time delay in bed expansion for step changes in fluid
properties, as well as a mechanistic explanation for its obser-
vation.
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Notation
Ascross-sectional area of column

D sparticle-phase dispersion coefficientp
hsbed height

msmass of a single particle
Q sliquid volumetric flow rate before step change1
Q sliquid volumetric flow rate after step change2

tstime
zsaxial position

b sdrag parameter1
b sdispersion parameter2
f ssolid fraction after step change2
m sviscosity after step change2
rU sfluid density after step change2
r ssolid-phase densitys
t srelaxation parameter
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Appendix A
Here, we derive the particle-velocity expression. Consider

the case where solid-phase dispersion forces are negligible.
The drag and buoyant forces are balanced, and Eq. 21 is ap-
plicable, which is written as

® y ®® f pr ny1s s 1yf . A1Ž . Ž .
® ®t t

Here it has been assumed that the hindered settling function
is given by the Richardson]Zaki correlation. Substitution of
Eq. 38 into Eq. A1 yields

® fo
y ® y ®p pe e ny1s 1yf . A2Ž . Ž .

®t

After rearranging Eq. A2 is expressed as

n
® s ® y ® 1yf , A3Ž . Ž .p o t

where the Stokes settling velocity is calculated based upon
local fluid properties.

Appendix B
Now, the continuity equations are utilized in order to ob-

tain a relationship between the fluid velocity, ® , and the par-f
ticle velocity, ® . Adding the liquid-phase and solid-phasep
continuity equations yields

­ e ® ­ f ®­e ­f Ž . Ž .f p
q sy y , B1Ž .

­ t ­ t ­ z ­ z

which is simplified as

­ e ® ­ f ®Ž . Ž .f p
q s0, B2Ž .

­ z ­ z

noting that

­e ­f ­ e qfŽ .
q s s0. B3Ž .

­ t ­ t ­ t

Integrating Eq. B2 yields

e ® qf ® s k , B4Ž .f p

where k is a constant of integration. It is known when ® s0,p
that ® s ® re , thus allowing evaluation of the constant, whichf o
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yields

e ® qf ® s ® . B5Ž .f p o

Rearranging Eq. B5 in terms of the fluid velocity gives

® f ® fo o
® s y ® s y ® . B6Ž .f p pe e 1yf 1yf

Equation B6 is a consequence of the conservation of mass
and clearly shows that in general

®o
® / . B7Ž .f e

A failure to appreciate this result is an oversight often en-
countered in the literature, where most authors incorrectly
conclude that

®o
® s B8Ž .f e

is always valid. The analysis here clearly shows that the con-
Ž .dition Eq. B8 is correct only under the limiting conditions,

® ™0 or f ™0.p
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